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1
$X$
$X$ $X$ $X$ $n$
2
(1) Pebble Motion Puzzle
$0<k<n$ $P=\{1,2, \ldots, n-k\}$ $X$
$V(X)$ $P\cup\{0\}$ $f$ $p\in P$ $|f^{-1}(p)|=1$
$X$ $P$ $x\in V(X)$ $f(x)=p\in P$
$x$ $p$ $f(x)=0$ $x$
$k$
$f$ $f(u)=p\in P$ $f(v)=0$ $uv\in E(X)$ $p$ $u$ $v$
$g(u)=0,$ $g(v)=p$ , $g(w)=f(w)(w\in V(X)\backslash \{u, v\})$
$g$ ( $X$ ,
$f$ $g$ $f$ $g$ $f\sim g$
$f,$ $g$ $f\sim g$ ($X$ , feasible
$f$ $p\in P,$ $v\in V(X)$
$p$ $v$ ( $X$, k) transitive
$(X, k)$ transitive feasible
$4\cross 4$ $P_{4}\cross P_{4}$ $k=1$ $(P_{4}\cross P_{4},1)$
15- 15- 2 $f,$ $g$ $f^{-1}(0)=g^{-1}(O)$
$g^{-1}\circ f$ $V(X)$ $f\sim g$
[5, 9]. $\square$
(2) Pebble Exchange Puzzle
Pebble Motion Puzzle $n$ $Y$ $Y$
$n$ $X$ $V(X)$ $V(Y)$
$f$ $X$ $Y$
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$f$ $f(u)f(v)\in E(Y)$ $uv\in E(X)$ 2 $f(u)$ $f(v)$
$g(u)=f(v),$ $g(v)=f(u)$ , $g(w)=f(w)(w\in V(X)\backslash \{u, v\})$
$g$ $(X, Y)$ $\underline{\mp}$
$f$ $g$ $f$ $g$ $f\sim g$
Pebble Exchange Puzzle feasibility, transitivity $\ovalbox{\tt\small REJECT}$ Pebble Motion
Puzzle $f$
$g$ $f$ $g$ $f\sim g$ $f,$
$g$ $f\sim g$ $(X, Y)$ feasible
$f$ $p\in V(Y),$ $v\in V(X)$ $p$ $v$
( $X$, k) transitive
$(X, Y)$ $(Y, X)$ $\square$
Pebble Exchange Puzzle $\ovalbox{\tt\small REJECT}$ Pebble Motion Puzzle 1
$X$ $n$ $Y$ $n$ $K_{1,n-1}$ Pebble
Motion Puzzle ($X$ , 1) Pebble Exchange Puzzle $(X, Y)$
$Y=K_{k}+\overline{K_{n-k}}$ ($X$ , k) feasible ( transitive) $(X, Y)$
feasible ( transitive)
$(X, k)$ , $(X, Y)$ feasible transitive $X,$
$k$ , $X,$ $Y$
Motion Planning Problem 1
2 $f,$ $g$
$f$ $g$
2 Pebble Motion Puzzle
3 isthmus Pebble Motion
Puzzle 4 Pebble Exchange Puzzle
5 Pebble Exchange Puzzle
2 Pebble Motion Puzzle
$X$ , $k$ ( $X$ , k) $Z=$ puz$(X, k)$
; $Z$ ($X$ , k) $f$ $g$ 1
$(f, g)$ $Z$ ($X$ , k) feasible puz($X$ , k)
puz($X$ , k) $c(X, k)$
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Wilson 15- $k=1$ ($X$ , 1) [10].
$X$ 2- ( $X$ , 1) transitive
$X$ 2- $x\in V(X)$ $V_{x}=V(X)\backslash \{x\}$
$f(x)=0$ ($X$, k) $f$ $\mathcal{F}_{x}$ $m$ $S_{m},$ $A_{m}$
$m$ $M$ $S(M)$ $M$
$G_{x}$ $\{g^{-1}\circ f\in S(V_{x}):f, g\in \mathcal{F}_{x} st. f\sim g\}$ (1) $G_{x}$ $I$ $x$
$S_{n-1}$ (2) $c(X, k)=(n-1)!/|G_{x}|$
$a_{1},$ $a_{2},$ $a_{3}$ $\theta(a_{1}, a_{2}, a_{3})-$ 3 2 $u,$ $v$
$a_{1}+1,$ $a_{2}+1,$ $a_{3}+1$ 3 $uv$-
1. $(Wilson[10|)n\geq 2$ $X$ 2- $arrow$
(1) $X$ 2 $G_{x}\cong A_{n-1}7f^{1}$ $c(X, 1)=2.$
(2) $X$ 2 $\theta(1,2,2)$ $G_{x}\cong S_{n-1}$ $c(X, 1)=1.$
(3) $X$ $\theta(1,2,2)$ $G_{x}\cong PGL_{2}(5)$ $c(X, 1)=6$ . $PGL_{2}(5)$ 5
2 $\square$
1. $\theta(1,2,2)$
( $\theta$ (1,2,2), 1) $\ovalbox{\tt\small REJECT}$ $K_{6}$ 1- $K_{5}$ 2-
4 Hoffman-Singleton Steiner system $S(5,6,12)$ , binary
(12, 132, 4)- temary Golay $C17$ [1] ( 1).
Kohnhauser $k$ 2 [6]. $X$ $s\geq 1$
$X$ $I=v_{1}v_{2}\ldots v_{s}$ $I$ $s$-isthmus ( ) $;(1)I$
$X$ (2) $1<i<s$
$\deg_{X}(v_{i})=2.$
2. (Kohnhauser et al.[6]) $2\leq k\leq n-1$ $X$
(1) $X$ $k$ -isthmus
(2) $(X, k)\ovalbox{\tt\small REJECT}$ transitive.
(3) ($X$ , k) feasible. $\square$
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3 isthmus Pebble Motion Puzzle
2 Pebble Mtion Puzzle isthmus
isthmus
Pebble Motion Puzzle $[8|.$
$X$ $B\subset V(X)$ $S$ $X$ $X[B]$
$B\subset V(X)$ $B$ $k$-block ;(1) $X[B]$
(2) $X[B|$ $X[B]$ $k$-isthmus (3) $B$ (1) (2)
2} $k$-isthmus $k$-block
2. 3-isthmus $I_{i}(1\leq i\leq 4)$ 3-block $B_{i}(1\leq i\leq 5)$
$k$-block
. $X$ k-block $\min\{k+1, |V(X)|\}$
. $S\subset V(X)$ $|S|\geq k+1$ $S$ $k$-block 1
. $S\subset V(X)$ $|S|\geq k+1$ $X[S]$ $X[S]$ $X[S]$ $k$-isthmus
$S$ $k$-block 1 $|S|=k+1$ $X[S]$
$S$ $k$-block 1
. $B_{1},$ $B_{2}$ $X$ 2 $k$-block $|B_{1}\cap B_{2}|=k$ $X[B_{1}\cap B_{2}]$
$\}$ $X[B_{1}\cup B_{2}]$ $k$-isthmus $X$ $k$-isthmus
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$X$ $X$ $k$-isthmus $\mathcal{I}_{k}$ $X$
k-block $\mathcal{B}_{k}$ $T_{k}$ ; $V(T_{k})=\mathcal{B}_{k}\cup \mathcal{I}_{k},$
$E(T_{k})=\{(B, I)\in \mathcal{B}_{k}\cross \mathcal{I}_{k}:V(I)\subset B\}.$
3. $X$
$\square$
$X$ $k$-isthmus ( 3)
$B_{1}I_{1}B_{2}I_{2}B_{3}I_{3}B_{4}$
3. 2 3-isthmus
$X$ isthmus ($X$ , k)
$X$ $n$ $k\geq 1$ $P$ ( $X$ ,
$X$ $P$ $f$ $p\in P$ $V(G)$ $R(p, f)$
; $R(p, f)=$ { $v\in V(G)$ : $g\sim f,$ $g(v)=p$ $g$ }.
$R(p, f)$ $f$ $p$
$k$-block $f$ $P$ $v=f^{-1}(p)$
$X$ $v$ $k$ $f$
$fi$ $f_{1}^{-1}(p)=v$ $X[\{v\}\cup f_{1}^{-1}(0)]$ $A=\{v\}\cup f_{1}^{-1}(O)$
$f$ $P$ $A$ $|A|=k+1$
$k$-block $A\subset B$ $k$-block $B$
4. $f$ , $p\in P$ $k$ -block $B$
$R(p, f)=B$ $\square$
2 $f$ 2
$P$ $q$ $f$ $g$ $g^{-1}(p)g^{-1}(q)\in E(X)$
5. ($X$, k) $f$ $p,$ $q$ 2 $P$ $q$
;
(1) $R(p, f)=R(q, f)$ $X[R(p, f)|$ $|$
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(2) $R(p, f)=R(q, f)$ $X[R(p, f)]$ $|$ $q$ $p$
(3) $R(p, f)\neq R(q, f)$ $X[R(p, f)\cap R(q, f)]\ovalbox{\tt\small REJECT}$ $X$ $k$ -isthmzs $\square$
2 $f$ $g$ $k$-block
$k\geq 2$ $X$ $k$-block $B$ $X[B]$ $B=V[X]$
6. $k\geq 2$ $X$ ($X$, k)




4 Pebble Exchange Puzzle
1 (2) Pebble Exchange Puzzle
$Y$ 2 $K_{n_{1},n}2$ [3]. 1. $Y=K_{1,n-1}$
$2\leq n_{1}\leq n_{2},$ $n_{1}+n_{2}=n$
$Y=K_{n_{1},n}2$ 2 $P_{1},$ $P_{2}$ $i=1,2$ $|P_{i}|=n_{i}$ $X$
$V(X)=V_{1}\cup V_{2},$ $i=1,2$ $|V_{i}|=n_{i}$ ,
$G(V_{1}, V_{2})$ $i=1,2$ $G_{i}(V_{1}, V_{2}),$ $H_{i}(V_{1}, V_{2})$ ;
$G(V_{1}, V_{2})=\{\sigma\in S(V(X))$ : $g\sim f$ $j=1,2$ $g(V_{j})=f(V_{j})=P_{j}$ $f,$ $g$
$g\circ\sigma=f$ }.
$i=1,2$ $G_{i}(V_{1}, V_{2})=\{\sigma\in S(V_{i}):g\sim f$ $j=1,2$ $g(V_{j)=f(V_{j)}}=P_{j}$
$f,$ $g$ $g|v_{i}\circ\sigma=f|v_{i}\}.$
$i=1,2$ $H_{i}(V_{1}, V_{2})=\{\sigma\in S(V_{i}):g\sim f$ $j=1,2$ $g(V_{j})=f(V_{j})=P_{j}$
$g|_{\overline{V_{i}}}=f|_{\overline{V_{i}}}$ $f,$ $g$ $g|v_{1}\circ\sigma=f|v_{l}\}.$
$X$
. $G(V_{1}, V_{2})$ $i=1,2$ $G_{i}(V_{1}, V_{2}),$ $H_{i}(V_{1}, V_{2})$ $V(G)=V_{1}\cup V_{2}$
$G(V_{1}, V_{2}),$ $G_{i}(V_{1}, V_{2}),$ $H_{i}(V_{1}, V_{2})$ $G,$ $G_{i},$ $H_{i}$
. $H_{i}$ $G_{i}$
. $G/(H_{1}\cross H_{2})\cong G_{1}/H_{1}\cong G_{2}/H_{2}$
. $(X, Y)$ $c(X, Y)$ $|G|/|H_{1}\cross H_{2}|=|G_{1}|/|H_{1}|=|G_{2}|/|H_{2}|$
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$X$ $n_{1}$ -isthmus 2. $i=1,2$ $G_{i}\cong S_{n_{i}}$
$H_{1},$ $H_{2}$
$H_{i}$




$X_{0}$ 6 $V(X_{0})=\{x_{i}$ :
$0\leq i\leq 5\},$ $E(X_{0})=\{x_{0}x_{1}, x_{1}x_{2}, \ldots, x_{5}x_{0}\}$ $x_{0}$ $y,$ $z$
$Q(1),$ $Q(2)$ , $1\leq i\leq 3$ $Q(1, i)$ ;
$V(Q(1))=V(X_{0})\cup\{y\},$ $E(Q(1))=E(X_{0})\cup\{x_{0}y\},$
$V(Q(2))=V(X_{0})\cup\{y, z\},$ $E(Q(2))=E(X_{0})\cup\{x_{0}y, yz\},$
$V(Q(1, i))=V(X_{0})\cup\{y, z\},$ $E(Q(1, i))=E(X_{0})\cup\{x_{0}y, x_{i}z\}$ for $1\leq i\leq 3.$
$a_{1},$ $a_{2},$ $a_{3}$ 3 3 $a_{1},$ $a_{2},$ $a_{3}$
$T(a_{1}, a_{2}, a_{3})$
8. ([3]) $2\leq n_{1}\leq n_{2}$ $X$ $n=n_{1}+n_{2}$
$n_{1}$ -isthmus $H_{1},$ $H_{2}$
$c=c(X, K_{n_{1},n_{2}})$
(1) $X$ 2 $H_{1}\cong S_{n1},$ $H_{2}\cong S_{n_{2}},$ $c=1.$
(2) $X$ 2 (3) $H_{1}\cong A_{n}1,$ $H_{2}\cong A_{n}2,$ $c=2.$
(3) (3-1) $n_{1}=3,$ $n_{2}=3$ $X$ $T(1,2,2)$ $H_{1}\cong\{e\},$ $H_{2}\cong\{e\},$ $c=6.$
(3-2) $n_{1}=3,$ $n_{2}=4$ $X$ $Q(1),$ $T(2,2,2)$ $H_{1}\cong\{e\},$ $H_{2}\cong D_{2},$ $c=6.$




$\theta(2,2,2) Q(1,3) Q(2) T(2,2,3)$
4. 8.
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8. $\theta(2,2,2)$ ( 4).
$r\geq 3$ $r$ 2
9. ([3]) $r\geq 3,$ $n_{1}\leq n_{2}\leq\ldots\leq n_{r}$ $X\ovalbox{\tt\small REJECT}$ $n=n_{1}+n_{2}+\cdots+n_{r}$
$(n-n_{r})$ -isthmus $(X, K_{n_{1},\ldots,n_{r}})$ $|$ feasible
$\square$
$X$ $Y$ 2 3
$(X, Y)$ feasible $X,$ $Y$ 2
$\mathcal{F}(X, Y)$ $\mathcal{F}_{1}$ $\mathcal{F}_{2}$ $i=1,2$
$f,$ $g\in \mathcal{F}_{i}$ $f\sim g$ $(X, Y)\ovalbox{\tt\small REJECT}$ semifeasible $arrow$
semifeasibility feasibility
10. $n\geq 3$ $X,$ $Y$ $n$ 2 $(X, Y)\}$ semifeasible
$X’$ $X$ 2
$(X\prime, Y)$ feasible $\square$
$(X, Y)$ feasibility $X$
$\kappa(X)$ , $\Delta(X)$ , $\delta(X)$
11. ([4]) $n\geq 1$ $X,$ $Y$ $n$ $\kappa(X)+\Delta(Y)\geq n+1$
(1) $(X, Y)$ tmnsitive




12. ([4]) $k\geq 1,$ $Y\ovalbox{\tt\small REJECT}$ $k$ -isthmus $\kappa(X)\leq k$ $(X, Y)\ovalbox{\tt\small REJECT}$
tmnsitive $\mathfrak{h}\backslash .$ $\square$
$2\leq d\leq n-1$ $n,$ $d$ $K_{1,d}$ 1 $n-d-1$
$n$ $H(n, d)$ $H(n, d)$ $(n-d)$-isthmus $d$
12. $n$ $X$ $\kappa(X)+d\leq n$ $(X, H(n, d))$
transitive
$X,$ $Y$ $(X, Y)$ feasibility 11.,
12. 1
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13. $n\geq 3$ $X,$ $Y$ $n$ $\delta(X)+\delta(Y)\geq n+1$
$(X, Y)$ feasible $\square$
13. ; $n$ 4
$X=Y=K_{n/2,n/2}$ $X=Y=K_{n/2}\cross K_{2}$ $\delta(X)+\delta(Y)=n$
$(X, Y)$ feasible
$n$ $P_{n},$
$C_{n}$ $Y$ $n$ $(P_{n}, Y)$ feasible
$Y$
14. ([4]) $n\geq 3$ $Y\ovalbox{\tt\small REJECT}$ $n$ $(C_{n},Y)$ feasible






$X$ 2 ( 1., 8) , ( 14)
$(X, Y)$ feasible $Y$
5 Pebble Exchange Puzzle
$X$ $X$ $(X, X)$
$X$ Aut(X) $X$ $1_{X}$ $X$
$V(G)$ $X$ Peb(X) $=\{f\in$ Aut(X): $f\sim 1_{X}\}$
Peb(X) Aut(X) Peb(X)
$G$ Aut(X) $G$ $X$
(Frucht [2]. [7] )
Aut(X) Peb(X) Aut($X$’) $\cong G$
$X’$ $\Delta(G’)<|V(G’)|-1$ $X’$ 1 $v$ join
$X=X’+\{v\}$ Aut(X) $\cong Aut(X’)\cong G$ $X$
2- 1. $(X, X)$ feasible
Peb(X) $\cong$ Aut(X)




16. $X$ 5 Peb(X) $=\{1_{X}\}.$ $\square$
2 $X_{1}$ $X_{2}$ (Cartegian product) $X_{1}\cross X_{2}$ ;
$V(X_{1}\cross X_{2})=V(X_{1})\cross V(X_{2}),$ $E(X_{1}\cross X_{2})=\{(u_{1}, u_{2})(v_{1}, v_{2})$ : $u_{1}=v_{1}$ $u_{2}v_{2}\in$
$E(X_{2})$ , $u_{2}=v_{2}$ $u_{1}v_{1}\in E(X_{1})\}.$
$X_{1},$ $X_{2}$ Peb $(X_{1}\cross X_{2})\supset$ Peb$(X_{1})\cross$ Peb$(X_{2})$
17. $X_{1},$ $X_{2}$ $Peb(X_{1}\cross X_{2})\cong Peb(X_{1})\cross Peb(X_{2})$ . $\square$
$n$ $Q_{n}=K_{2}^{n}$
18. Peb $(Q_{n})\cong \mathbb{Z}_{2}^{n}.$
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